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Abstract
We examine how a parametrization of neutrino mixing matrix reflecting quark-lepton complemen-
tarity can be probed by considering phase-averaged oscillation probabilities, flavor composition of
neutrino fluxes coming from atmospheric and astrophysical neutrinos and lepton flavor violating
radiative decays. We discuss about some distinct features of the parametrization by comparing
with the triminimal parametrization of perturbations to tri-bimaximal neutrino mixing matrix.
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The enormous progress made in solar, atmospheric and terrestrial neutrino experiments
[1] provides us with very robust evidence for the existence of neutrino oscillations, a new
window to physics beyond the standard model. The current global fits of the neutrino mixing
angles are given at the 1(3)σ level by [2]
θ12 = 34.4± 1.0
(
+3.2
−2.9
)◦
θ23 = 42.8
+4.7
−2.9
(
+10.7
−7.3
)◦
(1)
θ13 = 5.6
+3.0
−2.7 (≤ 12.5)◦.
Those results are well consistent with the so-called tri-bimaximal (TB) neutrino mixing
pattern [3]
U0 =


2√
6
1√
3
0
−1√
6
1√
3
1√
2
1√
6
−1√
3
1√
2

 . (2)
It corresponds to sin2 θ12 = 1/3, sin
2 θ23 = 1/2 and sin
2 θ13 = 0. Although TB mixing can
be achieved by imposing some flavor symmetries, it is widely accepted that TB is a good
zeroth order approximation to reality and there may be deviations from TB in general [4].
With this in mind, it is meaningful to parameterize the lepton mixing matrix in such a way
that deviations from TB are manifest. A useful parametrization of the lepton mixing matrix,
so-called “triminimal” parametrization, has been proposed such that a mixing angle in the
mixing matrix θij is given by the sum of a zeroth order angle θ
0
ij and a small perturbation
εij [5]. A merit of this parametrization is that it leads to simple formulas for neutrino flavor
mixing so that the effects of deviations from the TB mixing could be easily probed as shown
in [5], and this feature is not shared by other parametrizations.
On the other hand, it has been noted that the solar and atmospheric neutrino mixing
angles θ12 and θ23 measured from neutrino oscillation experiments and the quark mixing
angles θq12 and θq23 reveal a surprising relation
θ12 + θq12 ≃ θ23 + θq23 ≃ 45◦, (3)
which is satisfied by the experimental results θ12 + θq12 = 47.4± 1.1
(
+3.3
−3.0
)◦
and θ23 + θq23 =
45.2+4.2−2.9
(
+10.8
−7.4
)◦
to within a few percent accuracy [1, 2]. This quark-lepton complementarity
(QLC) relation (3) has been interpreted as an evidence for certain quark-lepton symmetry
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or quark-lepton unification as shown in [6]. In the light of the QLC, it is still experimentally
allowed for the neutrino mixing matrix to be composed of a CKM-like matrix and maximal
mixing matrices as shown in [7, 8]. In [7], it is shown in the framework of supersymmetric
standard model that different combination of the mixing matrix leads to different prediction
for the branching ratios of lepton flavor violating decays li → ljγ, which makes it possible
to discriminate the possible compositions. Among possible compositions, in this paper, we
consider the following parametrization:
UPMNS = R32
(pi
4
)
U †CKMR21
(pi
4
)
, (4)
where UCKM denotes the CKM mixing matrix. The reason why we consider this particular
parametrization for the QLC relation is that it is well compared and has similar merit to the
triminimal parametrization so that we can simply examine if the effects of deviations from the
TB mixing can be compatible with the QLC relation or not by investigating a few observables
presented by simple formulas. The parametrization given by Eq.(4) can be obtained from the
grand unification or quark-lepton symmetry as shown in [7]. In some unified gauge group
such as SO(10), there exist some relations among the Yukawa matrices: Yν = Yu = Y
T
u
and Ye = Y
T
d , where Yν, Yu, Yd and Ye denote the Dirac neutrino, up-type quark, down-type
quark and charged lepton Yukawa matrices, respectively. Then, the so-called PMNS neutrino
mixing matrix UPMNS is given by UPMNS = V
T
d UdU
†
CKM
VM , and thus we obtain Eq.(4) by
taking V Td Ud = R23(pi/4) and VM = R21(pi/4), where Ud, Vd correspond to the left-handed
and right-handed rotation matrices of down-type quark Yukawa matrix, respectively, and the
mixing matrix VM represents the diagonalizing matrix of Y
diag
ν V
†
0 M
−1
R V
∗
0 Y
diag
ν with a rotation
matrix V0 and right-handed heavy Majorana mass matrix MR. Thus, this parametrization
can be used to probe a signal of the grand unification or quark-lepton symmetry. From the
analysis, one can easily prove that this parametrization leads to QLC with an accuracy of
order O(λ2). From now on, we call the parametrization of neutrino mixing matrix given by
Eq.(4) “QLC parametrization”.
In this short paper, we will examine how the QLC parametrization reflecting a possible
hint of the grand unification or quark-lepton symmetry can be probed by considering phase-
averaged oscillation probabilities which can be measured from neutrino experiments, flavor
composition of neutrino fluxes coming from atmospheric and astrophysical neutrino sources
and lepton flavor violating radiative decays. It is worthwhile to notice that while consider-
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ation of the lepton flavor violating radiative processes can only be applied to the particular
model such as the supersymmetric standard model, that of phase-averaged oscillation prob-
abilities as well as flavor composition of neutrino fluxes are model independent. We will
also discuss about some distinct features of the QLC parametrization by comparing with
the triminimal parametrization of perturbations to tri-bimaximal neutrino mixing matrix.
Let us first take UCKM as the Wolfenstein parametrization [9] as follows:
UCKM =


1− 1
2
λ2 λ Aλ3(ρ− iη)
−λ 1− 1
2
λ2 Aλ2
Aλ3(1− ρ− iη) −Aλ2 1

 (5)
For our numerical calculation, we use the following inputs given by the Particle Data Group
[1]:
λ = 0.2257+0.0009−0.0010, A = 0.814
+0.021
−0.022,
ρ¯ = 0.135+0.031−0.016, η¯ = 0.349
+0.015
−0.017 (6)
where ρ¯ = ρ − 1
2
ρλ2 + O(λ4), η¯ = η − 1
2
ηλ2 + O(λ4). Inserting Eq.(5) into Eq.(4), we can
present the deviations from maximal mixing of the solar and atmospheric mixing angles in
powers of λ: θsol ≃ pi/4 − λ and θatm ≃ pi/4 − Aλ2. We also obtain the mixing angle θ13
which is of order λ3.
To evaluate the neutrino mixing probabilities for phased-averaged propagation, Pνα↔νβ ,
which is appropriate when the oscillation phase ∆m2L/4E is very large, we need to know
|Uαi|2 as well discussed in [5]. From Eq.(4), we get the matrix form of |Uαi|2 which is defined
by Uαi ≡ |Uαi|2,
U =
1
4




2 2 0
1 1 2
1 1 2

+ λ


4 −4 0
−2 2 0
−2 2 0

 (7)
+ Aλ2


0 0 0
2 2 −1
−2 −2 1

+ λ3


−2 2 0
1− S −1 + S 0
1 + S −1 − S 0




,
where S = 2A + 2Aρ. In fact, Ue3 is of order of λ
6, so we have ignored it. The neutrino
mixing probabilities for phased-averaged propagation is given by Pνα↔νβ =
∑
i UαiUβi. Using
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Eq.(7), we obtain
Pνe↔νe ≃
1
2
+ 2λ2
Pνe↔νµ ≃
1
4
− (1− 1
2
A)λ2
Pνe↔ντ ≃
1
4
− (1 + 1
2
A)λ2 (8)
Pνµ↔νµ ≃
3
8
+
1
2
(1− A)λ2
Pνµ↔ντ ≃
3
8
+
1
2
λ2
Pντ↔ντ ≃
3
8
+
1
2
(1 + A)λ2.
Here, it is interesting to observe that the only terms proportional to λ2 survive in each
Pνα↔νβ . We have observed that the contributions at the next next leading order are of
order λ4. Imposing the experimental results for λ and A, we predict the values of Pνα↔νβ
corresponding to the best fit values in Eq.(6) as follows;
Pνe↔νe ≃ 0.6019, Pνe↔νµ ≃ 0.2198,
Pνe↔ντ ≃ 0.1783, Pνµ↔νµ ≃ 0.3797, (9)
Pνµ↔ντ ≃ 0.4005, Pντ↔ντ ≃ 0.4212.
As discussed in [5], it is also interesting to examine how the phase-averaged mixing
matrix in Eq. (7) modifies the flavor composition of the neutrino fluxes. The most common
source for atmospheric and astrophysical neutrinos is thought to be pion production and
decay. The pion decay chain generates an initial neutrino flux with flavor composition given
approximately [10] by Φ0e : Φ
0
µ : Φ
0
τ = 1 : 2 : 0 for the neutrino fluxes. According to Eq. (7),
the fluxes Φα arriving at earth have a flavor ratio of
Φe : Φµ : Φτ = 1 + 4Aλ
2 : 1− 1
2
Aλ
2 : 1− 1
2
Aλ
2
≃ 1.2 : 1 : 1. (10)
This result shows that νµ ↔ ντ symmetry is kept in the sense that Φµ/Φτ = 1, which is
mainly due to the smallness of Ue3. The effects of breaking νµ ↔ ντ symmetry appear at
order of λ4.
Now, let us study the implication of the parametrization given by Eq.(4) reflecting quark-
lepton unification by considering the lepton flavor violating (LFV) decays particularly in
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the context of supersymmetric standard model (SSM). As is well known, the LFV decays in
SSM can be caused by the misalignment of lepton and slepton mass matrices [11] and the
branching ratios of the LFV decays depend on the specific structure of the neutrino Dirac
Yukawa matrix Yν [7]. It is well known that the RG running induces off-diagonal terms in
the slepton mass matrix even for the case of universal slepton masses at GUT scale 1 [13]:
m2
l˜ij
≃ − 1
8pi2
(3m20 + A
2
0)(Y
′
νY
′†
ν )ij log
MG
MX
, (11)
where m0, A0 are universal soft scalar mass and soft trilinear A parameter, and MG and MX
denote the GUT scale and the characteristic scale of the right-handed neutrinos at which
off-diagonal contributions are decoupled [13], respectively. Here, the Dirac neutrino Yukawa
matrix, Y ′ν , is defined in the basis where the charged lepton Yukawa matrix and the heavy
Majorana mass matrix are real and diagonal, and thus the term Y ′νY
′†
ν can be written as
Y ′νY
′†
ν = R23
(pi
4
)
U †
CKM
(Y Dν )
2UCKMR
†
23
(pi
4
)
, (12)
where Y Dν stands for the diagonal form of the Dirac neutrino Yukawa matrix. For quark-
lepton unification, Y Dν = Y
D
u = ytDiag[λ
8, λ4, 1] where yt is top quark Yukawa coupling
[14]. Imposing the above form of Y Dν , we obtain (Y
′
νY
′†
ν )12 ≃ (Y ′νY ′†ν )13 ≃ λ3, which leads
to Br(µ → eγ)/Br(τ → eγ) ≃ 1 and it reflects the µ − τ symmetry. Also, one can get
(Y ′νY
′†
ν )12)23 ≃ 1, so that Br(µ → eγ)/Br(τ → µγ) ≃ λ6. These results indicate that the
branching ratio of the LFV decay µ(τ) → eγ is negligibly small compared with that of
τ → µγ.
Now, let us discuss about the implication of the results obtained from the QLC
parametrization by comparing with the triminimal parametrization of perturbations to tri-
bimaximal neutrino mixing matrix. To accommodate the expected deviations from the TB
mixing form studied in the literatures [4], the triminimal parametrization of perturbations
to tri-bimaximal neutrino mixing matrix has been proposed [5] as follows:
UTMin = R32
(pi
4
)
Uε(ε32; ε13, δ; ε21)R21
(
sin−1
1√
3
)
(13)
1 We note that the RG-induced off-diagonal terms in the slepton mass matrix is more precisely given by
[12] m2
l˜ij
≃ − 1
8pi2
(3m2
0
+ A2
0
)
(
Y
†
νik log
MG
MRk
Yνkj
)
. But for the sake of simplicity we assume the log term
to be universal in our study.
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where Rij(θ) describes a rotation in the ij−plane through angle θ, Uδ = diag(eiδ/2, 1, e−iδ/2)
and Uε = R32(ε32)U
†
δR13(ε13(ε13)UδR21(ε21). From the analysis, we obtain the following
relations between both parameterizations.
sin ε13e
−iδ ≃ ε13e−iδ ≃ Aλ3[1− ρ+ iη] (14)
sin ε32 ≃ ε32 ≃ −Aλ2 (15)
sin ε21 ≃ ε21 ≃ s
c
(1− λ
cs
+
s2
c2
λ2) (16)
where s = (
√
2 − 1)/√6, c = (√2 + 1)/√6. The first result of the above relations indicates
that the QLC parametrization predicts the size of the neutrino mixing angle θ13 = ε13 which
is at most of order λ3. The on-going reactor experiments designed to measure θ13 will test
whether the QLC parametrization is ruled out or not. The precise measurements of the
mixing angles θ23 and θ12 would also be useful to probe the QLC parametrization. The de-
termination of sin2 θ12 to 2% level which is comparable to that of the Cabibbo angle (≃ 1.4%)
can be achievable in the reactor neutrino experiments as shown in [15] and that of sin2 2θ23
to 1% is expected to reach in the JPARC-SK experiment [16]. The QLC parametrization
is very predictable because the deviations from two maximal mixing angles can be pre-
sented in terms of the well measured parameters in the CKM matrix. Although the QLC
parametrization looks like leading to similar results from the triminimal parametrization,
the results presented in Eqs.(8,10) show that the parameter C defined in [5] is particularly
zero in the QLC parametrization, which is a distinctive feature of the QLC parametriza-
tion. If future experiments confirm our results obtained from the QLC parametrization, it
would be difficult to differentiate between the QLC parametrization reflecting deviations
from the bi-maximal mixing [17] and the triminimal parametrization reflecting deviations
from the tri-bimaximal mixing. Confirmation of our results obtained above may also serve
as a possible hint of the grand unification or quark-lepton symmetry.
In conclusion, we have examined how the QLC parametrization reflecting a possible hint
of the grand unification or quark-lepton symmetry can be probed by considering phase-
averaged oscillation probabilities which can be measured from neutrino experiments, flavor
composition of neutrino fluxes coming from atmospheric and astrophysical neutrino sources
and the ratios of the branching fractions of lepton flavor violating radiative decays. We
have found that those observables are predicted in terms of the well measured parameters of
CKM matrix. We have discussed about some distinct features of the QLC parametrization
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by comparing with the triminimal parametrization which has been proposed so that the
effects of deviations from the tri-bimaximal mixing could be probed.
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